Abstract. A genus 2 curve C has an elliptic subcover if there exists a degree n maximal covering ψ : C → E to an elliptic curve E. Degree n elliptic subcovers occur in pairs (E, E ′ ). The Jacobian J C of C is isogenous of degree n 2 to the product E × E ′ . We say that J C is (n, n)-split. The locus of C, denoted by Ln, is an algebraic subvariety of the moduli space M 2 . The space L 2 was studied in Shaska/Völklein [32] and Gaudry/Schost [10] . The space L 3 was studied in [26] were an algebraic description was given as sublocus of M 2 .
Introduction
Let C be a genus 2 curve defined over an algebraically closed field k, of characteristic zero. Let ψ : C → E be a degree n maximal covering (i.e. does not factor through an isogeny) to an elliptic curve E defined over k. We say that C has a degree n elliptic subcover. Degree n elliptic subcovers occur in pairs. Let (E, E ′ ) be such a pair. It is well known that there is an isogeny of degree n 2 between the Jacobian J C of C and the product E × E ′ . We say that C has (n,n)-split Jacobian. The locus of such C, denoted by L n , is a 2-dimensional algebraic subvariety of the moduli space M 2 of genus two curves.
In this survey we study the genus 2 curves with (n, n)-split Jacobian for small n. While such curves have been studied by many authors, our approach is simply computational. Some of the results have appeared in previous articles of the author.
Curves of genus 2 with elliptic subcovers go back to Legendre and Jacobi. Legendre, in his Théorie des fonctions elliptiques, gave the first example of a genus 2 curve with degree 2 elliptic subcovers. In a review of Legendre's work, Jacobi (1832) gives a complete description for n = 2. The case n = 3 was studied during the 19th century from Hermite, Goursat, Burkhardt, Brioschi, and Bolza. For a history and background of the 19th century work see Krazer [19, pg. 479] . Cases when n > 3 are more difficult to handle. Frey and Kani note the difficulty to get explicit examples, see Frey [8] and Frey, Kani [9] .
In §2 we give a brief description of genus 2 curves and their isomorphism classes which are classified by the absolute invariants of binary sextics. Further, we display the list of groups that occur as full automorphism groups of genus 2 curves defined over a field of characteristic = 2.
In §3 we study degree n covers C → E from a genus 2 curve to an elliptic curve. Such covers induce a degree n covering φ : P 1 → P 1 . A careful study of such covers leads to determining an equation for the curves C. The covering φ : P 1 → P 1 could have different ramification structure. All such structures are described in section 3.
The moduli space of coverings φ : P 1 → P 1 with fixed ramification structure is a Hurwitz space. The irreducibility of such space, dimension, and the genus (in the case 1-dimensional spaces) can be computed via the braid action. For n an odd integer we display such results in section 4. There is a natural morphism between the Hurwitz space and the locus L n (cf. §4). In the second part of section 4 we describe the correspondence between the points of L n and the Humbert space of discriminant n 2 which we denote by H n 2 . In section 5 we study genus 2 curves with degree 2 elliptic subcovers. Jacobi [16] gives a general form of such curves: Y 2 = X 6 − s 1 X 4 + s 2 X 2 − 1, and a description of L 2 in terms of the cross ratios of the roots α 1 , . . . , α 6 of the sextic:
Thus, L 2 is parameterized by the pair (s 1 , s 2 ) ∈ k 2 . We note that this parametrization of L 2 factors through a ramified Galois covering: k 2 −→ k 2 , (s 1 , s 2 ) → (u, v), where u = s 1 s 2 and v = s . This induces a birational parametrization of L 2 by the pairs (u, v). All our computations use these coordinates (u, v) . We use this to compute an equation for L 2 in terms of the classical invariants. We give a general relation between the j-invariants of degree 2 elliptic subfields of K. This improves [10] , where each isomorphism type of G is treated separately. We determine conditions when degree 2 elliptic subfields of K are 2 or 3-isogenous. For a generalization of such invariants u, and v see Remark 1 or Gutierrez/Shaska [10] .
In section 6, we study the case n = 3. We show that every genus 2 curve with a degree 3 elliptic subcover can be written in the form
The invariants of the two cubics r 1 , r 2 give a birational parametrization of L 3 . This parametrization of L 3 factors through ramified Galois coverings of degree 3 (resp. 2)
where ab = u and b 3 = v. The equation of L 3 is computed in terms of the absolute invariants and is displayed in [26 
. Moreover, there are exactly six genus 2 curves with automorphism group D 4 or D 6 . The rational models of these 12 curves and rational points on them were studied in [29] . We determine the j-invariants of the elliptic subcovers and show that they satisfy the Fricke polynomial of level 2.
In the last section we give information on computer programs that we have made available for such computations.
Preliminaries
Let k be an algebraically closed field of characteristic zero and C a genus 2 curve defined over k. Then C can be described as a double cover of P 1 (k) ramified in 6 places w 1 , . . . , w 6 . This sets up a bijection between isomorphism classes of genus 2 curves and unordered distinct 6-tuples w 1 , . . . , w 6 ∈ P 1 (k) modulo automorphisms of P 1 (k). An unordered 6-tuple {w i } 6 i=1 can be described by a binary sextic (i.e. a homogenous equation f (X, Z) of degree 6). Let M 2 denote the moduli space of genus 2 curves. To describe M 2 we need to find polynomial functions of the coefficients of a binary sextic f (X, Z) invariant under linear substitutions in X, Z of determinant one. These invariants were worked out by Clebsch and Bolza in the case of zero characteristic and generalized by Igusa for any characteristic different from 2; see [3] , [15] , or [32] for a more modern treatment.
Consider a binary sextic, i.e. a homogeneous polynomial
Igusa J-invariants {J 2i } of f (X, Z) are homogeneous polynomials of degree 2i in k[a 0 , . . . , a 6 ], for i = 1, 2, 3, 5; see [15] , [32] for their definitions. Here J 10 is simply the discriminant of f (X, Z). It vanishes if and only if the binary sextic has a multiple linear factor. These J 2i are invariant under the natural action of SL 2 (k) on sextics. Dividing such an invariant by another one of the same degree gives an invariant under GL 2 (k) action. Two genus 2 fields K (resp., curves) in the standard form Y 2 = f (X, 1) are isomorphic if and only if the corresponding sextics are GL 2 (k) conjugate. Thus if I is a GL 2 (k) invariant (resp., homogeneous SL 2 (k) invariant), then the expression I(K) (resp., the condition I(K) = 0) is well defined. Thus the GL 2 (k) invariants are functions on the moduli space M 2 of genus 2 curves. This M 2 is an affine variety with coordinate ring
which is the subring of degree 0 elements in k[J 2 , . . . , J 10 , J , are even GL 2 (k)-invariants. Two genus 2 curves with J 2 = 0 are isomorphic if and only if they have the same absolute invariants. If J 2 = 0 then we can define new invariants as in [27] . For the rest of this paper if we say "there is a genus 2 curve C defined over k" we will mean the k-isomorphism class of C. We have the following; see [32, Theorem 2] .
Curves of genus 2 with split Jacobians
Let C and E be curves of genus 2 and 1, respectively. Both are smooth, projective curves defined over k, char(k) = 0. Let ψ : C −→ E be a covering of degree n. From the Riemann-Hurwitz formula, P ∈C (e ψ (P ) − 1) = 2 where e ψ (P ) is the ramification index of points P ∈ C, under ψ. Thus, we have two points of ramification index 2 or one point of ramification index 3. The two points of ramification index 2 can be in the same fiber or in different fibers. Therefore, we have the following cases of the covering ψ:
Case I: There are P 1 , P 2 ∈ C, such that e ψ (P 1 ) = e ψ (P 2 ) = 2, ψ(P 1 ) = ψ(P 2 ), and ∀P ∈ C \ {P 1 , P 2 }, e ψ (P ) = 1.
Case II: There are P 1 , P 2 ∈ C, such that e ψ (P 1 ) = e ψ (P 2 ) = 2, ψ(P 1 ) = ψ(P 2 ), and ∀P ∈ C \ {P 1 , P 2 }, e ψ (P ) = 1.
Case III: There is P 1 ∈ C such that e ψ (P 1 ) = 3, and ∀P ∈ C \ {P 1 }, e ψ (P ) = 1.
In case I (resp. II, III) the cover ψ has 2 (resp. 1) branch points in E. Denote the hyperelliptic involution of C by w. We choose O in E such that w restricted to E is the hyperelliptic involution on E. We denote the restriction of w on E by v, v(P ) = −P . Thus, ψ • w = v • ψ. E [2] denotes the group of 2-torsion points of the elliptic curve E, which are the points fixed by v. The proof of the following two lemmas is straightforward and will be omitted.
Let W be the set of points in C fixed by w. Every curve of genus 2 is given, up to isomorphism, by a binary sextic, so there are 6 points fixed by the hyperelliptic involution w, namely the Weierstrass points of C. The following lemma determines the distribution of the Weierstrass points in fibers of 2-torsion points.
Lemma 3. The following hold:
(
Let π C : C −→ P 1 and π E : E −→ P 1 be the natural degree 2 projections. The hyperelliptic involution permutes the points in the fibers of π C and π E . The ramified points of π C , π E are respectively points in W and E [2] and their ramification index is 2. There is φ : P 1 −→ P 1 such that the diagram commutes.
(2)
Next, we will determine the ramification of induced coverings φ : P 1 −→ P 1 . First we fix some notation. For a given branch point we will denote the ramification of points in its fiber as follows. Any point P of ramification index m is denoted by (m). If there are k such points then we write (m) k . We omit writing symbols for unramified points, in other words (1) k will not be written. Ramification data between two branch points will be separated by commas. We denote by π E (E[2]) = {q 1 , . . . , q 4 } and π C (W ) = {w 1 , . . . , w 6 }.
3.0.1. The Case When n is Odd. The following theorem classifies the ramification types for the induced coverings φ : P 1 −→ P 1 when the degree n is odd.
Theorem 1.
Let ψ : C −→ E be a covering of odd degree n and φ : P 1 −→ P 1 be the induced covering induced by ψ. This induces a partitioning of the set of 6 Weierstrass points of C into two sets
Then the ramification structure of φ is as follows.
Each of the above cases has the following degenerations (two of the branch points collapse to one)
n from a curve of genus 2 to an elliptic curve. The covering ψ 1 : C −→ E 1 is called a maximal covering if it does not factor through a nontrivial isogeny. A map of algebraic curves f : X → Y induces maps between their Jacobians f * : J Y → J X and f * : J X → J Y . When f is maximal then f * is injective and ker(f * ) is connected, see [30] for details.
Let ψ 1 : C −→ E 1 be a covering as above which is maximal. Then ψ *
1 : E 1 → J C is injective and the kernel of ψ 1, * : J C → E 1 is an elliptic curve which we denote by E 2 ; see [9] or [21] . For a fixed Weierstrass point P ∈ C, we can embed C to its Jacobian via
So we have the following exact sequence
The dual sequence is also exact
is an odd number then the maximal covering ψ 2 : C → E 2 is unique (up to isomorphism of elliptic curves), see Kuhn [21] . If the cover ψ 1 : C −→ E 1 is given, and therefore φ 1 , we want to determine ψ 2 : C −→ E 2 and φ 2 . The study of the relation between the ramification structures of φ 1 and φ 2 provides information in this direction. The following lemma (see [9, pg. 160] ) answers this question for the set of Weierstrass points W = {P 1 , . . . , P 6 } of C when the degree of the cover is odd.
The above lemma says that if ψ is maximal of even degree then the corresponding induced covering can have only type I ramification, see theorem 2.
4. The locus of genus two curves with (n, n) split Jacobians
In this section we will discuss the Hurwitz spaces of coverings with ramification as in the previous section and the Humbert spaces of discriminant n 2 .
4.1. Hurwitz spaces of covers φ :
and an analytic automorphism g of P 1 (i.e., a Moebius transformation) such that
The covers f and f ′ are called equivalent if the above holds with g = 1.
Consider a cover f : X → P 1 of degree n, with branch points p 1 , ..., p r ∈ P 1 . Pick p ∈ P 1 \ {p 1 , ..., p r }, and choose loops γ i around p i such that γ 1 , ..., γ r is a standard generating system of the fundamental group Γ := π 1 (P 1 \ {p 1 , ..., p r }, p), in particular, we have γ 1 · · · γ r = 1. Such a system γ 1 , ..., γ r is called a homotopy basis of P 1 \ {p 1 , ..., p r }. The group Γ acts on the fiber f −1 (p) by path lifting, inducing a transitive subgroup G of the symmetric group S n (determined by f up to conjugacy in S n ). It is called the monodromy group of f . The images of γ 1 , ..., γ r in S n form a tuple of permutations σ = (σ 1 , ..., σ r ) called a tuple of branch cycles of f .
We say a cover f : X → P 1 of degree n is of type σ if it has σ as tuple of branch cycles relative to some homotopy basis of P 1 minus the branch points of f . Let H σ be the set of weak equivalence classes of covers of type σ. The Hurwitz space H σ carries a natural structure of an quasiprojective variety.
We have H σ = H τ if and only if the tuples σ, τ are in the same braid orbit O τ = O σ . In the case of the covers φ : P 1 → P 1 from above, the corresponding braid orbit consists of all tuples in S n whose cycle type matches the ramification structure of φ. This and the genus of H σ in the degenerate cases (see the following table) has been computed in GAP by the BRAID PACKAGE written by K. Magaard.
Humbert surfaces. Let A 2 denote the moduli space of principally polarized abelian surfaces. It is well known that A 2 is the quotient of the Siegel upper half space H 2 of symmetric complex 2 × 2 matrices with positive definite imaginary part by the action of the symplectic group Sp 4 (Z); see [11, p. 211] . Let ∆ be a fixed positive integer and N ∆ be the set of matrices
such that there exist nonzero integers a, b, c, d, e with the following properties:
The Humbert surface H ∆ of discriminant ∆ is called the image of N ∆ under the canonical map (4) and discovered certain relations between points in these spaces and certain plane configurations of six lines; see [14] for more details.
For a genus 2 curve C defined over C, [C] belongs too L n if and only if the isomorphism class [J C ] ∈ A 2 of its (principally polarized) Jacobian J C belongs to the Humbert surface H n 2 , viewed as a subset of the moduli space A 2 of principally polarized abelian surfaces; see [24, Theorem 1, p. 125] for the proof of this statement. In [24] is shown that there is a one to one correspondence between the points in L n and points in H n 2 . Thus, we have the map:
In particular, every point in H n 2 can be represented by an element of H 2 of the form
There have been many attempts to explicitly describe these Humbert surfaces. For some small discriminant this has been done by several authors; see [32] , [26] , [21] . Geometric characterizations of such spaces for ∆ = 4, 8, 9, and 12 were given by Humbert (1900) 
Genus 2 curves with degree 2 elliptic subcovers
An elliptic involution of K is an involution in G which is different from z 0 (the hyperelliptic involution). Thus the elliptic involutions of G are in 1-1 correspondence with the elliptic subfields of K of degree 2 (by the Riemann-Hurwitz formula).
If z 1 is an elliptic involution and z 0 the hyperelliptic one, then z 2 := z 0 z 1 is another elliptic involution. So the elliptic involutions come naturally in pairs. This pairs also the elliptic subfields of K of degree 2. Two such subfields E 1 and E 2 are paired if and only if E 1 ∩ k(X) = E 2 ∩ k(X). E 1 and E 2 are G-conjugate unless G ∼ = D 6 or G ∼ = V 4 (This can be checked from Lemma 1). Further, e 2 (K) = 2 unless K = k(X, Y ) with
Proof. Since e 2 (K) is the number of conjugacy classes of elliptic involutions in G the claim about e 2 (K) follows from theorem 5. For the proof of the following lemma see [32] .
Lemma 5. Suppose z 1 is an elliptic involution of K. Let z 2 = z 1 z 0 , where z 0 is the hyperelliptic involution. Let E i be the fixed field of z i for i = 1, 2. Then K = k(X, Y ) where
and 27−18s 1 s 2 −s We need to determine to what extent the normalization in the above proof determines the coordinate X. The condition z 1 (X) = −X determines the coordinate X up to a coordinate change by some γ ∈ Γ centralizing z 1 . Such γ satisfies γ(X) = mX or γ(X) = m X , m ∈ k \ {0}. The additional condition abc = 1 forces 1 = −γ(α 1 ) . . . γ(a 6 ), hence m 6 = 1. So X is determined up to a coordinate change by the subgroup H ∼ = D 6 of Γ generated by τ 1 : X → ξ 6 X, τ 2 : X → 1 X , where ξ 6 is a primitive 6-th root of unity. Let ξ 3 := ξ [7] for details. In this volume they are used again, see the paper by Cardona and Quer. They were later generalized to higher genus hyperelliptic curves and were called dihedral invariants; see [13] .
Remark 1. Such invariants were quite important in simplifying computations for the locus L 2 . Later they have been used by Duursma and Kiyavash to show that genus 2 curves with extra involutions are suitable for the vector decomposition problem; see
Classical invariants of the field K given by lemma 5 are: J 2 = 240 + 16u J 4 = 48v + 4u 2 + 1620 − 504u
For J 2 = 0 we express the absolute invariants i 1 , i 2 , i 3 in terms of u and v. We can eliminate u and v and get the following equation of L 2 .
−27i To get rid of the condition J 2 = 0 we multiply by J 5 2 to get the "projective" equation (6) of L 2 . This holds indeed for all K ∈ L 2 , as can be checked by substituting from (9) . This completes the proof of Theorem 3.
The following proposition determines the group G in terms of u and v. 
gives a birational parametrization of L 2 . The fibers of A of cardinality > 1 correspond to those curves C with |Aut(C)| > 4.
Proof. See [32] for the details.
5.1. Elliptic subcovers. Let j 1 and j 2 denote the j-invariants of the elliptic curves E 1 and E 2 from lemma 5. The invariants j 1 and j 2 and are roots of the quadratic (13) 5.1.1. Isomorphic elliptic subcovers. The elliptic curves E 1 and E 2 are isomorphic when equation (13) 
5.2.
Isogenous degree 2 elliptic subfields. In this section we study pairs of degree 2 elliptic subfields of K which are 2 or 3-isogenous. We denote by Φ n (x, y) the n-th modular polynomial (see Blake et al. [1] for the formal definitions. Two elliptic curves with j-invariants j 1 and j 2 are n-isogenous if and only if Φ n (j 1 , j 2 ) = 0.
3-Isogeny.
Suppose E 1 and E 2 are 3-isogenous. Then, from equation (13) and Φ 3 (j 1 , j 2 ) = 0 we eliminate j 1 and j 2 . Then,
where g 1 and g 2 are
Thus, there is a isogeny of degree 3 between E 1 and E 2 if and only if u and v satisfy equation (15) . The vanishing of the first factor is equivalent to G ∼ = D 6 . So, if Aut(C) ∼ = D 6 then E 1 and E 2 are isogenous of degree 3. This was also noted by Gaudry and Schost [10] .
2-Isogeny.
Below we give the modular 2-polynomial.
Suppose E 1 and E 2 are isogenous of degree 2. Substituting j 1 and j 2 in Φ 2 we get
where f 1 and f 2 are
5.2.3.
Other isogenies between elliptic subcovers. If G ∼ = D 4 , then z 1 and z 2 are in the same conjugacy class. There are again two conjugacy classes of elliptic involutions in G. Thus, there are two degree 2 elliptic subfields (up to isomorphism) of K. One of them is determined by double root j of the equation (13), for v 2 −4u 3 = 0. Next, we determine the j-invariant j ′ of the other degree 2 elliptic subfield and see how it is related to j.
Since τ 1 and τ 3 fix no points of P the they lift to involutions in G. They each determine a pair of isomorphic elliptic subfields. The j-invariant of elliptic subfield fixed by τ 1 is the double root of equation (13), namely j = −256 v 3 v + 1 To find the j-invariant of the elliptic subfields fixed by τ 3 we look at the degree 2 covering φ :
. From lemma 5 the elliptic subfields E 
Then Φ 2 (j, j ′ ) = 0, so E 1 and E ′ 1 are isogenous of degree 2. Thus, τ 1 and τ 3 determine degree 2 elliptic subfields which are 2-isogenous.
Genus 2 curves with degree 3 elliptic subcovers
This case was studied in detail in [26] . The main theorem was: There are exactly two genus 2 curves (up to isomorphism) with e 3 (K) = 4. The case e 3 (K) = 1 (resp., 2) occurs for a 1-dimensional (resp., 2-dimensional) family of genus 2 curves, see [26] . Lemma 6. Let K be a genus 2 field and E an elliptic subfield of degree 3.
The roots of the first (resp. second) cubic correspond to Y , (see theorem 1) .
ii) E = k(U, V ) where 
where U i , and V i are as follows:
where 27) Proof. We skip the details of the proof. 
Computing the equation [26, Appendix A] directly from the equations of i 1 , i 2 , i 3 in terms of u, v, exceeds available computer power. We use additional invariants r 1 , r 2 to overcome this problem.
6.1.1. Invariants of Two Cubics. We define the following invariants of two cubic polynomials. For
We denote by R(F, G) the resultant of F and G and by D(F ) the discriminant of F . Also,
from lemma 6 we have
Remark 5. Note that r 1 , r 2 are defined for any u, v by (23) .
Taking the resultants from the above equations we get the following equations for u and v over k(r 1 , r 2 ): In equation (29) express r 1 and r 2 in terms of u and v. Roots of this equation are u and ν(u) where,
Similarly for v we get
Define a ring homomorphism
Then, we compute ν 2 = 1. Thus, ν extends to an involutory automorphism of k(u, v) which we again denote by ν. Since, r 2 ) are the same. where F (J 2 , J 4 , J 6 , J 10 ) is displayed in [26] . This is obtained by taking the resultants of equations of i 1 , i 2 , i 3 and (34). We define J 48 := F (J 2 , J 4 , J 6 , J 10 ). By previous section θ is generically a covering of degree 2. So exists a Zariski open subset U of k 2 with the following properties: Firstly, θ is defined everywhere on U and is a covering of degree 2 from U to θ(U). Further, if u ∈ U then all u ′ ∈ k 2 with θ defined at u ′ and θ(u ′ ) = θ(u) also lie in U. Suppose i ∈ k 3 such that |θ −1 (i)| > 2 and det(Jac(θ)) does not vanish at any point of θ −1 (i). Then by implicit function theorem, there is an open ball B around each element of θ −1 (i) such that each point in θ(B) has > 2 inverse images under θ. But B has to intersect the Zariski open set U. This is a contradiction. Thus, if i ∈ k 3 and |θ −1 (i)| > 2, then det(Jac(θ)) = 0 at some point of θ −1 (i) and so J 48 vanishes. Let e 3 (K) > 1 and J 2 = 0, J 48 = 0. Then i 1 , i 2 , i 3 are defined and by previous paragraph |θ −1 (i 1 , i 2 , i 3 )| ≤ 2. Thus, by lemma 6 part iii) e 3 (K) ≤ 2. This completes the proof of theorem 4. 6.2. Elliptic subcovers. We express the j-invariants j i of the elliptic subfields E i of K, from lemma 7, in terms of u and v as follows: where v = 0, 27. 6.2.2. The Degenerate Case. We assume now that one of the extensions K/E i from lemma 7 is degenerate, i.e. has only one branch point. The following lemma determines a relation between j 1 and j 2 .
Lemma 10. Suppose that K/E 2 has only one branch point. Then, This corrects [21] where it is claimed there is only one solution j 1 = j 2 = 1728.
Further remarks
If e 3 (C) ≥ 1 then the automorphism group of C is one of the following: Z 2 , V 4 , D 4 , or D 6 . Moreover; there are exactly 6 curves C ∈ L 3 with automorphism group D 4 and six curves C ∈ L 3 with automorphism group D 6 . They are listed in [29] where rational points of such curves are found.
Genus 2 curves with degree 5 elliptic subcovers are studied in [33] where a description of the space L 5 is given and all its degenerate loci. The case of degree 7 is the first case when all possible degenerate loci occur.
We have organized the results of this paper in a Maple package which determines if a genus 2 curve has degree n = 2, 3 elliptic subcovers. Further, all its elliptic subcovers are determined explicitly. We intend to implement the results for n = 5 and the degenerate cases for n = 7.
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